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Abstract
We construct a new class of scalar noncommutative multi-solitons on an arbitrary
Ka¨hler manifold by using Berezin’s geometric approach to quantization and its generaliza-
tion to deformation quantization. We analyze the stability condition which arises from the
leading 1/h¯ correction to the soliton energy and for homogeneous Ka¨hler manifolds obtain
that the stable solitons are given in terms of generalized coherent states. We apply this
general formalism to a number of examples, which include the sphere, hyperbolic plane,
torus and general symmetric bounded domains. As a general feature we notice that on
homogeneous manifolds of positive curvature, solitons tend to attract each other, while
if the curvature is negative they will repel each other. Applications of these results are
discussed.
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1. Introduction
Starting from the celebrated paper of Gopakumar, Minwalla and Strominger [1], there
has been a lot of interest in studying solitonic solutions of noncommutative field theory.
Indeed, noncommutative geometry has arisen in at least three distinct but closely related
contexts in string theory. Witten’s open string field theory [2] formulates the interaction
of bosonic open strings in the language of noncommutative geometry. Compactification of
matrix theory on the noncommutative torus [3] was argued to correspond to supergravity
with constant background three-form tensor field. More generally, it has been realized [4,5]
that noncommutative gauge theory arises as the worldvolume theory on D-branes in the
presence of a constant background B field in string theory.
Although Derrick’s theorem forbids solitons in ordinary 2+1-dimensional scalar field
theory, solitons in noncommutative scalar field theory on the plane were constructed in [1]
(see also [6,7,8] for reviews). It was soon realized that noncommutative solitons represent
D-branes in string field theory with a background B field turned on [9], and this has allowed
confirmation of some of Sen’s conjectures [10] regarding tachyon condensation in string field
theory. Other recent work on noncommutative solitons include [11,12,13] for scalar solitons
and [14] for solitons in noncommutative gauge theories. Gauge theory solitons have been
studied on the sphere in [15], and on the torus in [16]. Instanton solutions have been
studied in [17].
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In this paper we develop a general approach to the study of solitons in noncommutative
scalar field theory on any Ka¨hler manifold. We define a noncommutative field theory using
the Berezin ⋆ product [18] and its generalization to deformation quantization [19,20] and
construct static solutions of the theory.
The basic idea [1] behind the study of noncommutative solitons is familiar by now.
One begins by exploiting an isomorphism between the algebra of functions with the non-
commutative ⋆ product and the algebra of operators on some Hilbert space. For example,
the algebra of functions on the plane with the Moyal ⋆ product can be represented as the
algebra of operators on the Hilbert space H = L2(R). In this sense the coordinate space on
which the noncommutative field theory is defined (i.e., the plane) is identified as the phase
space of an auxiliary quantum mechanics (i.e., a particle on the line). Noncommutative
field theories defined in this way on compact manifolds necessarily have a finite number of
degrees of freedom, since the corresponding Hilbert space is finite dimensional. It is not
yet clear whether it is possible to define noncommutative field theories with an infinite
number of degrees of freedom on curved compact spaces.
In a limit which corresponds roughly to infinite noncommutativity, the potential term
in the action dominates over the spatial part of the kinetic term (henceforward referred to
simply as the kinetic term, since we will only consider static solutions). Static solutions
to the approximate equation of motion V ′(φ) = 0 may be constructed using projectors in
the relevant operator algebra. Let us emphasize that we will also construct solitons based
on functions φ which satisfy φ ⋆ φ = φ in the formal sense of deformation quantization.
Since there is no Hilbert space in this case, we will refer to these as ‘projectors’ rather
than ‘projection operators.’2
One typically analyzes the stability of these solutions by doing perturbation theory
around infinite noncommutativity. The space of rank k projection operators is isomorphic
to the Grassmannian Gr(k,N) of complex k-planes in CN , where N is the dimension of the
Hilbert space. The leading correction to the energy comes from the kinetic term, which
introduces an effective potential on Gr(k,N). It was shown in [1,12,13] that on the plane,
any projection operator whose image is spanned by coherent states minimizes the kinetic
term, thus there is a moduli space for solitons.3
2 Projectors in a subalgebra of the string field theory algebra have recently been shown to play
an important role in the construction of D-branes in split string field theory [21].
3 Actually, the moduli space can be quite intricate when two or more separated coherent state
solitons are brought together [12]. This is discussed more below.
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Note that in geometric quantization on a compact manifold, the Hilbert space is always
finite dimensional, so that the corresponding space of projection operators Gr(k,N) is also
compact. Therefore the kinetic term introduces a potential on Gr(k,N) which is bounded
above and below. Depending on one’s application, it may therefore not even be necessary
to consider minimizing that first perturbation to the energy. By contrast on a noncompact
manifold, the kinetic term is generally unbounded, so that the perturbative expansion
makes no sense unless one is careful to analyze the contribution from the kinetic term.
On a completely general manifold, the kinetic term has no symmetry and thus one
would not even expect a moduli space for a single soliton. In this paper we show that on a
homogeneous Ka¨hler manifold (of the type classified in subsection 5.4), there is a moduli
space for a single soliton represented by a projection operator onto a generalized coherent
state.
The organization of the paper is as follows. In section 2 we review Berezin’s approach
to the quantization of Ka¨hler manifolds and its generalization to deformation quantization.
In section 3 we describe the noncommutative scalar field theory that we will be studying
and construct its multi-soliton solutions as projectors in the corresponding algebra of
functions. In section 4 we analyze the stability condition for these solitons, which we are
able to solve for homogeneous Ka¨hler manifolds, where stable solitons are given in terms
of generalized coherent states. Sections 5 and 6 are devoted to examples. In subsection
5.1 we connect our general formalism to the very well-studied case of the plane. The ⋆
product that we are using reduces on the plane to the normal ordered operator product,
which is equivalent to the more familiar Moyal product after a nonlocal field redefinition.
In subsections 5.1–5.3 we study general symmetric bounded domains, concentrating in
great detail on the sphere and hyperbolic plane. Among other things we show that that on
a positive curvature manifold solitons will tend to attract each other, while on a negative
curvature manifold they will repel each other (although a discussion of why this might not
generalize to non-homogeneous manifolds is given in section 7). We also show explicitly
how the fuzzy versions of these manifolds exactly map to Berezin ⋆ product. Section 6 is
devoted to the torus, where the breaking of translational symmetry to ZZN × ZZN plays a
crucial role. We demonstrate the equivalence of the Berezin ⋆ product to the fuzzy torus,
and analyze a proposal for the definition of a kinetic term. We conclude the paper in
section 7 with a discussion of the results and their possible applications.
3
2. Quantization of Ka¨hler Manifolds
In this section we briefly review Berezin’s approach [18] to the quantization of Ka¨hler
manifolds using generalized coherent states and its generalization to deformation quanti-
zation [19,20].4
Let us recall the problem of quantization of a Poisson manifoldM. Let A be the Lie
algebra of smooth functions on M with the Poisson bracket
{f, g} = ωij∂if∂jg, (2.1)
where ω is the Poisson structure on M. Quantization is defined as a family Ah¯ of defor-
mations of the algebra A, where h¯ is a parameter which takes values in some subset of
positive real numbers, such that Ah¯ reduces to A in the limit h¯→ 0 in the following sense:
lim
h¯→0
f ⋆h¯ g = fg, lim
h¯→0
1
h¯
(f ⋆h¯ g − g ⋆h¯ f) = i{f, g}, (2.2)
where ⋆h¯ is the multiplication operator in Ah¯. (Henceforward we will drop the h¯ subscript
on ⋆ for notational simplicity.)
In geometric quantization one associates to M a family of Hilbert spaces Hh¯, with
a correspondence between real-valued functions in Ah¯ (i.e, observables) and hermitian
operators Of on Hh such that Of⋆g = OfOg. The more general concept is deforma-
tion quantization [19,20] where the algebra of functions is not necessarily representable as
operators on any Hilbert space.
In geometric quantization (for instance see [23] for a review), the correspondence be-
tween functions f and operators Of requires the introduction of a symplectic potential θ
such that ω = dθ. Of course θ will in general not be globally defined, so the construction
depends on a local coordinate chart. Since the action of a quantum operator on a wave-
function |ψ〉 should be independent of the local chart, the Hilbert space consists not of
functions on M but rather sections of a complex line bundle L over M. Additionally one
requires a “polarization” which roughly speaking is a splitting of the coordinates on the
phase space M into those which are q’s (coordinates) and those which are p’s (momenta).
The Hilbert space is then restricted to those wavefunctions which depend only on the
q’s. On complex manifolds one takes the complex structure as the polarization; then the
Hilbert space H is spanned by the holomorphic sections of L.
4 Recently this approach has also been used in [22] for quantization of the horizon in de Sitter
space.
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Berezin’s approach to geometric quantization [18] is based on the use of generalized
coherent states (see [24] for a review on coherent states) and will be well-suited to the
study of noncommutative solitons. His construction is also local, and therefore best suited
for manifolds for which there is an open dense subset which can be covered with a single
chart. A global construction may be found in [25], but will not be necessary here.
Let (M,ω) be a Ka¨hler manifold, so that in local coordinates the metric and the
Ka¨hler form are
ds2 = gik¯dz
idzk¯, ω = gik¯dz
i ∧ dzk¯, (2.3)
where gik¯ = ∂i∂k¯K and K is the Ka¨hler potential.
Berezin considered a complex line bundle L over M with a fiber metric e− 1h¯K(z,z¯).5
The Hilbert spaceHh¯ therefore consists of holomorphic sections of L with the inner product
〈f |g〉 = c(h¯)
∫
f(z)g(z)e−
1
h¯
K(z,z¯)dµ(z, z¯), (2.4)
where c(h¯) is a normalization constant to be chosen shortly and dµ is the measure
dµ(z, z¯) = det ||gik¯||
∏ dzk ∧ dz¯k
2πi
. (2.5)
Let {fk} be a basis of holomorphic sections orthonormal with respect to (2.4). The
basis may be finite or infinite, depending on whether M is compact. The Bergman kernel
[26] is defined by
Bh¯(z, z¯) ≡
∑
k
fk(z)fk(z). (2.6)
It projects all measurable and square integrable functions onto Hh¯. One can prove that it
is independent of basis. The holomorphic sections defined for v ∈M by
|v〉 ≡ Bh¯(·, v¯) (2.7)
are called generalized coherent states6 and form an overcomplete system in Hh¯. We will
use 〈v| = |v〉† to denote the antiholomorphic section Bh¯(v, z¯). We choose the constant c(h¯)
so that the resolution of the identity reads
1 = c(h¯)
∫
|v〉〈v|e− 1h¯K(v,v¯)dµ(v, v¯) (2.8)
5 We will shortly see that for compact manifolds, a quantization condition will relate the
dimension of Hh¯ to h¯ and the volume ofM.
6 In the global formulation, coherent states are parametrized not by M but rather by L0,
which is L minus the image of the zero section [27].
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Note that for any holomorphic section f(z) we have
〈v|f〉 = f(v). (2.9)
For each bounded operator Oˆ on Hh¯ we can define its symbol with respect to the
system |v〉 as
O(z, v¯) =
〈z|Oˆ|v〉
〈z|v〉 . (2.10)
Using (2.8) we can write a formula for the action of Oˆ on an arbitrary section f(z):
(Oˆf)(z) = 〈z|Oˆ|f〉 = c(h¯)
∫
O(z, v¯)〈z|v〉〈v|f〉e− 1h¯K(v,v¯)dµ(v, v¯)
= c(h¯)
∫
O(z, v¯)Bh¯(z, v¯)f(v)e
− 1
h¯
K(v,v¯)dµ(v, v¯).
(2.11)
Functions in Ah¯ are interpreted as symbols of operators on Hh¯. The product of
operators corresponds to the star product of symbols. Multiplication in Ah¯ is defined as
(O1 ⋆ O2)(z, z¯) = c(h¯)
∫
O1(z, v¯)O2(v, z¯)
eh¯(z, v¯)eh¯(v, z¯)
eh¯(z, z¯)
e
1
h¯
Φ(z,z¯|v,v¯)dµ(v, v¯), (2.12)
where we have defined
eh¯(z, z¯) ≡ Bh¯(z, z¯)e− 1h¯K(z,z¯) (2.13)
and Φ(z, z¯|v, v¯) is the Calabi diastatic function
Φ(z, z¯|v, v¯) = K(z, v¯) +K(v, z¯)−K(z, z¯)−K(v, v¯), (2.14)
which is manifestly invariant under Ka¨hler transformations and therefore globally defined.
The trace of a symbol is defined by
Tr[O] = c(h¯)
∫
O(z, z¯)eh¯(z, z¯)dµ(z, z¯) (2.15)
and is cyclically invariant. Substituting the identity operator, whose symbol is 1, into
(2.15) we find
dimHh¯ = c(h¯)
∫
eh¯(z, z¯)dµ(z, z¯). (2.16)
Other properties of the ⋆ product are summarized in the appendix.
Berezin was only able to prove that his quantization procedure satisfies the corre-
spondence principle (2.2) under very restrictive assumptions on the geometry of M [18].
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This quantization works for the case whenM is a homogeneous Ka¨hler manifold and L is
a homogeneous bundle (later it was generalized to generalized flag varieties [28]). Under
these assumptions eh¯ = 1, and thus most of the formulas simplify greatly.
Nevertheless, the formula (2.12) defines a ⋆ product on any Ka¨hler manifold in the
formal sense of deformation quantization [20]. That is, although it appears that the formu-
las (2.11) and (2.12) only make sense for functions which admit an analytic continuation
f(z, v¯) to all ofM×M, in deformation quantization these integrals are treated as formal
power series in h¯. Then the star product does not require such an analytic continuation but
depends only on the derivatives (of all orders) of f(z, z¯) evaluated on the diagonal. Defor-
mation quantization therefore works for all smooth functions, and the star product reduces
to Berezin’s formula (2.12) for those functions which do admit an analytic continuation.
3. Noncommutative Solitons and Projectors
We consider a noncommutative scalar field theory on IR×M, whereM is an arbitrary
Ka¨hler manifold of complex dimension n, with the action
S =
∫
dt
∫
dµ(z, z¯)
(
1
2
∂tφ ⋆ ∂tφ+ φ ⋆△φ−m2V (φ)⋆
)
. (3.1)
Here ⋆ is as defined in (2.12) and △ ≡ gi¯∂i∂¯ is the scalar Laplacian onM. The subscript
on the potential V indicates that it is evaluated with the star product. We will assume
that V is bounded below, to ensure that stable solutions exist.
Note that unlike the perhaps more familiar case of the Moyal product on the plane,
the star product cannot be omitted from the first term in (3.1). However in this paper we
are interested in static solutions of (3.1), so this fact will play no role and our task will
simply be to find minima of the energy functional
E[φ] ≡ h¯n−1
∫
dµ(z, z¯)
(−φ ⋆△φ+m2h¯V (φ)⋆) . (3.2)
In writing this formula we have made use of the fact that by rescaling the coordinates and
size of M one can formally eliminate h¯ from the star product (2.12).7
One of the fascinating aspects of noncommutative scalar field theory is that when the
parameter m2h¯ is sufficiently large that the potential term dominates over the kinetic term
7 Instead, it will depend on the scale of curvature ofM (measured in units of h¯), or equivalently
on the dimension of the Hilbert space, ifM is compact.
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in (3.2), then the extrema of E[φ] are insensitive to the exact form of V . To be concrete,
let us now assume that V has a unique global minimum, at φ = 0, and a single local
minimum at φ = λ. Then every solution φ0 to V
′(φ0)⋆ = 0 is of the form φ0 = λφ where
φ satisfies
(φ ⋆ φ)(z, z¯) = φ(z, z¯). (3.3)
The problem of finding extrema of (3.2) therefore reduces in the m2h¯ → ∞ limit to the
problem of finding projectors in the algebraAh¯ of functions with respect to the star product
(2.12).
Projectors may be classified by their rank, and we will begin with rank one. A class
of rank one projectors is given by
φ(z, z¯) = f(z)
C
B(z, z¯)
f(z), (3.4)
where f is an arbitrary holomorphic section, and
C−1 = c(h¯)
∫
dµ(v, v¯)f(v)f(v)e−
1
h¯
K(v,v¯). (3.5)
It is easily checked by direct substitution into (2.12) that (3.4) formally satisfies (3.3), and
that its trace (2.15) is indeed 1.
It is simple to generalize (3.4) to a rank k projector by choosing k sections fi and
defining the matrix
hij = c(h¯)
∫
dµ(v, v¯)fi(v)fj(v)e
− 1
h¯
K(v,v¯). (3.6)
Letting hij denote the inverse of hij , the desired rank k projector
φ(z, z¯) =
∑
i,j
fi(z)
hij
B(z, z¯)
fj(z) (3.7)
satisfies (3.3) and has trace k.
Let us emphasize that the proceeding analysis has been completely general, with all
formulas holding in the formal sense of deformation quantization, allowing us to construct
projectors on any Ka¨hler manifold. Of course for sufficiently complicated manifolds, such
as general Calabi-Yau manifolds, it will not be possible to find explicit formulas for the
quantities appearing in (3.4) because not even the metrics on these spaces are known.
In the special case when the manifold admits a quantization where functions in Ah¯
on M are represented as hermitian operators on a Hilbert space, then (3.4) is simply the
symbol of the operator φˆ = |f〉〈f |〈f |f〉 . In this case it is clear that (3.4) is in fact the most
general symbol of a projection operator. The symbol (3.7) corresponds to the rank k
projection operator whose image is spanned by the |fi〉.
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4. Stable Solitons
When m2h¯ is large but still finite, we can analyze the effect of the kinetic term in (3.2)
by doing perturbation theory in 1/(m2h¯). The space of rank one projection operators in
Ah¯ is isomorphic to the projective space IPN , where N = dimHh¯, and the kinetic term
E1[φ] ≡ −λ2
∫
dµ(z, z¯)(φ ⋆△φ) (4.1)
defines a potential on IPN . Note that the leading term in (3.2) is invariant under arbitrary
unitary transformations of the Hilbert space. This U(N) acts transitively on the space of
projection operators IPN . The kinetic term (4.1) generically breaks this U(N) symmetry,
and in the following sections we will discuss in several examples which subgroup (if any)
of U(N) is preserved by the kinetic term (4.1).
To find the minima of E1 on IP
N we can use the method of Lagrange multipliers to
enforce the condition φ ⋆ φ = φ. This yields the condition for the extrema
φ ⋆△φ = △φ ⋆ φ. (4.2)
For rank one projection operators this is equivalent to
(1− φ) ⋆△φ ⋆ φ = 0, (4.3)
or
△φ ⋆ φ = αφ (4.4)
for some real number α. The minima of E1 are given by those φ which satisfy (4.4) with
the largest α.
It seems difficult to study (4.3) and (4.4) for general manifolds M, but for homoge-
neous Ka¨hler manifolds, as discussed in the previous section, an enormous simplification
occurs because B(z, z¯) = eK(z,z¯). In this case we can take a general soliton of the form
(3.4) and find
△φ = −nφ+ gi¯(∇if)e−K(∇¯f¯) (4.5)
where ∇i ≡ ∂i − ∂iK is the covariant derivative acting on sections. If we now substitute
this into (4.3) we find that on homogeneous manifolds the kinetic term (4.1) is minimized
by rank one projection operators of the form |f〉〈f | where f(z) = eK(z,v¯) for some v¯, i.e.
|f〉 is a coherent state [24,29]. The associated projection operator (3.4) has symbol
φv,v¯(z, z¯) = e
Φ(z,z¯;v,v¯), (4.6)
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where Φ is the Calabi function as defined in (2.14), and can be thought of as a single
soliton localized around z = v. Indeed on homogeneous manifolds the kinetic energy (4.1)
for a rank one projection operator |f〉〈f | is proportional to the dispersion (∆C)2 of the
quadratic Casimir C of the group action in the state |f〉, and it is known [24] that the
dispersion is minimized by coherent states. This will be discussed more in section 5.
Let us now consider k-soliton configurations which correspond to rank k projection
operators. The space of such operators is the Grassmannian Gr(k,N), and the kinetic
energy (4.1) defines a potential on Gr(k,N). If we choose k points (vi, v¯i) onM, then the
projection operator whose image is spanned by the k associated coherent states |vi〉 has
symbol
φ{vi,v¯i}(z, z¯) =
∑
ij
hjih
ijeΦ(z,z¯;vj,v¯i), hij = e
K(vi,v¯j). (4.7)
It was shown in [12] that on the plane, the kinetic energy is minimized in the space of
rank k projection operators precisely by those of the form (4.7) whose image is spanned
by coherent states.8 Thus there is a submanifold of the Grassmannian (Gr(k,∞) in that
case) which is an approximate moduli space (i.e., the energy is minimized along that
submanifold, but only at first order in 1/(m2h¯)).
Note that throughout this paper, when we speak of a projection operator associated to
k coherent states, we mean k separated coherent states. We anticipate that the expression
(4.7) has a perfectly smooth limit when any two of the points are brought together. This
has been studied in detail on the plane [12], and the story should be similar for any smooth
manifold.
In the following sections we will by way of a number of examples see that on general
manifolds the kinetic term is not constant on any nontrivial submanifolds of Gr(k,N), so
that multi-soliton configurations will feel an effective force which can either bring them
together or push them apart.
5. Solitons on Homogeneous Ka¨hler Manifolds
In this section we apply the analysis of the preceeding sections to a number of homoge-
neous Ka¨hler manifolds where explicit formulas for multi-soliton solutions are easily given.
The relationship between Berezin’s quantization and ‘fuzzy’ versions of various manifolds
is also exploited.
8 See section 7 for a discussion of the subtleties which arise when two solitons come together.
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5.1. Plane
Let us begin with the very well studied example of the plane with Ka¨hler potential
K(z, z¯) = zz¯. (5.1)
The Hilbert space is spanned by holomorphic functions of z with inner product (2.4)
〈f |g〉 = 1
2π
∫
dzdz¯ f(z)g(z)e−zz¯. (5.2)
The creation and annihilation operators a† and a act by differentiation and multiplication
(af)(z) =
∂f
∂z
, (a†f)(z) = zf(z). (5.3)
The ⋆ product (2.12) reduces to the well-known ⋆ product on the plane which corre-
sponds to Wick ordering of the operators:
(O1 ⋆ O2)(z, z¯) = e
∂v∂v¯O1(z, v¯)O2(v, z¯)|v=z,v¯=z¯. (5.4)
There are five different ordering of operators on the plane: pq, qp, Wick (or normal),
anti-Wick, and Weyl ordering. The symbols of operators in different orderings are related
by nonlocal field redefinitions. For example, the product of Weyl ordered symbols is the
familiar Moyal product
(O1 ⋆ O2)(q, p) = e
i
2
(∂q1∂p2−∂q2∂p1)O1(q1, p1)O2(q2, p2)|q1=q2=q;p1=p2=p. (5.5)
The symbols ON (z, z¯) and OW (z, z¯) of a given operator with respect to normal ordering
and Weyl ordering respectively are related by
OW (q, p) = 2
∫
ON (v, v¯)e
−2(z¯−v¯)(z−v)dvdv¯, (5.6)
where
z =
1√
2
(q + ip), z¯ =
1√
2
(q − ip). (5.7)
The overcomplete basis of functions |v〉 defined by (2.7) are the usual coherent states
|v〉 = ev¯a† |0〉. Therefore a single soliton at a position (v, v¯) corresponds to the operator
φˆ = |v〉〈v|〈v|v〉 , whose symbol is
φv,v¯(z, z¯) = e
−(z−v)(z¯−v¯). (5.8)
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As already mentioned, it was shown in [12] that the kinetic term (4.1) is minimized for
rank k projection operators by those whose image is spanned by coherent states. Since the
kinetic term may be written in terms of operators as
E1[φˆ] = λ
2Tr([a, φˆ][φˆ, a†]) (5.9)
and is therefore independent of the ordering of symbols, this result will still be true in our
analysis. That is, the operator φˆ which minimizes (5.9) will be the same as the one from
[12], namely
P =
∑
i,j
|vi〉hij〈vj |, hij = 〈vi|vj〉 = ev¯ivj , (5.10)
but the corresponding normal-ordered symbol is
φ{vi,v¯i}(z, z¯) =
∑
ij
hjih
ije−(z−vj)(z¯−v¯i). (5.11)
This corresponds to k solitons localized at the positions (vi, v¯i).
5.2. Sphere
We can introduce complex coordinates z, z¯ on a sphere of radius R by means of the
stereographic projection
z = R cot(θ/2)eiϕ, z¯ = R cot(θ/2)e−iϕ. (5.12)
These coordinates cover the sphere except for the north pole. In these coordinates the
Ka¨hler potential is
K = 2R2 ln(1 +
zz¯
R2
), (5.13)
and the metric is
ds2 =
4
(1 + zz¯
R2
)2
dzdz¯ = R2(dθ2 + sin2 θ dϕ2). (5.14)
Complex line bundles over the sphere are parametrized by a single integer n and
denoted O(n). For n ≥ 0, the bundle O(n) has no holomorphic sections and therefore
would lead to a trivial quantum mechanics. For n < 0 the bundle has N ≡ −n holomorphic
sections, which may be written in the z-chart as the functions 1, z, . . . , zN−1. Then the
Hilbert space of geometric quantization is N dimensional.
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The normalization constant c appearing in the inner product (2.4) is readily found
from the formula (A.2) to be c = (1 + 2R2)/(4πR2). Then (2.16) reads
dimHh¯ = N = 2R2 + 1, (5.15)
which is the familiar quantization condition on the radius of a quantum sphere.9
A single soliton at a position v on the sphere is described by the function
φv,v¯(z, z¯) =
[
(1 + vz¯R2 )(1 +
zv¯
R2 )
(1 + vv¯R2 )(1 +
zz¯
R2 )
]N−1
. (5.16)
By taking the limit R → ∞, N → ∞ while keeping the relation (5.15) fixed we can go
from the sphere to the infinite plane. In this limit the soliton (5.16) becomes
φv,v¯(z, z¯) = e
−2(z−v)(z¯−v¯). (5.17)
(The factor of two difference between this and (5.8) arises because in our convention (5.13)
the Ka¨hler potential on the sphere goes to K = 2zz¯ in the flat space limit, as opposed to
(5.1).)
Using (4.7) we can easily generalize (5.16) to a function which describes k solitons at
arbitrary positions (vi, v¯i) on the sphere (see Figure 1 for a graphical illustration). Inserting
such a function into the kinetic energy (4.1), we find an effective force which causes the
two solitons to attract each other. For example, for N = 3 and k = 2, with one soliton at
the south pole and the other at z = z¯ = r, the attractive potential is
E1(r) =
λ2
R2
[
2 +
2
(1 + 2R
2
r2
)2
]
. (5.18)
It is instructive to see how these results can be obtained using the fuzzy sphere. Indeed
one can show explicitly [30] that the ⋆ product on the sphere defined by (2.12) corresponds
to the ordinary product of matrices of the fuzzy sphere, where the size of the matrix is
N = 1 + 2R2.
9 Of course (5.15) is usually phrased as a quantization condition on h¯. Recall that we are
working in units where h¯ = 1, but upon restoring h¯ by dimensional analysis, (5.15) reads h¯ =
2R2/(N − 1).
13
Let us now review some basic facts about the fuzzy sphere. The Poisson bracket alge-
bra of the coordinate functions xa on the sphere has the same structure as the commutation
relations for SU(2) generators
{xa, xb} = Rǫabcxc. (5.19)
Thus one can represent the Poisson bracket algebra of the coordinates on the sphere by
associating them to matrices in the N dimensional representation of SU(2):
xa → 2R√
N2 − 1 Jˆa, (5.20)
where [Jˆa, Jˆb] = iǫabcJˆc and the normalization is chosen so that xaxa = R
21.
The generators of the SU(2) isometry in the z coordinates are
J3 = z¯∂z¯ − z∂z , (5.21)
J+ = −∂z − z¯2∂z¯, J− = ∂z¯ + z2∂z, (5.22)
where J± ≡ J1 ± iJ2. If O is the symbol of an operator Oˆ, then JaO is the symbol of
[Oˆ, Jˆa] The kinetic term (4.1) on the fuzzy sphere takes the form
E1[φˆ] =
λ2
R2
Tr(2[Jˆ+, φˆ][φˆ, Jˆ−] + [Jˆ3, φˆ][φˆ, Jˆ3]). (5.23)
Written in this form it is manifest that the kinetic term breaks the U(N) invariance of the
potential term in (3.2) down to an SU(2) subgroup corresponding to overall rotations of
the sphere.
For a rank one projection operator of the form P = |ψ〉〈ψ| with 〈ψ|ψ〉 = 1, (5.23) is
simply
E1[|ψ〉〈ψ|] = 2λ
2
R2
(∆Jˆ)2, (∆Jˆ)2 ≡ 〈ψ|JˆaJˆa|ψ〉 − 〈ψ|Jˆa|ψ〉〈ψ|Jˆa|ψ〉. (5.24)
It is well known [24] that the dispersion (∆Jˆ)2 is minimized when |ψ〉 is a highest (or
lowest) weight state. Thus the kinetic energy is minimized by projection operators of the
form P = |v〉〈v|〈v|v〉 which project onto the coherent state
|v〉 = ev¯Jˆ+ |j,±j〉 (5.25)
built on a highest weight state
Jˆ3|j,±j〉 = ±j|j,±j〉, Jˆ±|j,±j〉 = 0. (5.26)
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The parameter v comes from the SU(2) invariance of (5.23) which allows us to move the
soliton to any point we like on the sphere. The operator P has symbol (5.16).
In the fuzzy sphere formalism it is easy to see that the (5.23) causes solitons to attract
each other. One soliton sitting on the north pole would be described by P1 = |j, j〉〈j, j|,
and two solitons sitting on top of each other by P2 = |j, j〉〈j, j| + |j, j−1〉〈j, j−1|. It is
readily verified that E1(P2) < 2E1(P1), so that there is a binding energy. This is to
be contrasted with the case of the plane [12], where a Bogomolny bound ensured that
E1(P2) = 2E1(P2). In fact it is straightforward to derive the precise potential (5.18) from
(5.23) using projection operators on the fuzzy sphere.
5.3. Lobachevsky Plane
We have seen that on the plane, the kinetic term (4.1) allows for multi-solitons to
sit at arbitrary positions (i.e., there is a moduli space), while on the sphere, the kinetic
term induces an attractive potential between solitons. In this subsection we consider the
simplest homogeneous space with negative curvature, namely the Lobachevsky plane.
The Ka¨hler potential is
K(z, z¯) = −2R2 ln(1− zz¯
R2
), (5.27)
where R sets the radius of curvature and (z, z¯) cover the disk inside zz¯ < R2. A single
soliton at position (v, v¯) is described by
φˆv,v¯(z, z¯) =
[
(1− vv¯
R2
)(1− zz¯
R2
)
(1− vz¯R2 )(1− zv¯R2 )
]2R2
. (5.28)
Recall that R is measured in units of h¯, which we have set to 1. Since the space of
holomorphic section is infinite dimensional, there is no quantization condition, so R and h¯
are both free parameters of the model.
In this case one can easily check that the kinetic term (4.1) induces a repulsive potential
between two solitons. As with the sphere, it turns out to be trivial to understand this result
by working with the fuzzy disk, which we now describe.
The group SU(1, 1) has a natural action on the complex plane. Unlike the action of
SU(2), however, the SU(1, 1) action is not transitive but instead foliates the plane into
three orbits: X+ = {z : |z| < R}, X0 = {z : |z| = R}, and X− = {z : |z| > R}. Also unlike
SU(2), which has a single type of unitary representation (labelled by spin j), the group
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SU(1, 1) has three types of unitary representations: discrete, principal, and supplementary
(of course all are infinite dimensional since SU(1, 1) is noncompact), which are realized
respectively on the space of functions on the orbit of type X+, X0, and X−.
So for the fuzzy disk we are interested in representations in the discrete series. These
are labelled by a single number k which takes discrete values, k = 1, 3
2
, 2, 5
2
, . . .. Basis
vectors |k,m〉 are labeled by the eigenvalue of K0,
K0|k,m〉 = (k +m)|k,m〉, (5.29)
wherem is a non-negative integer. The algebra is generated by operatorsK±, K0 satisfying
[K0, K±] = ±K±, [K−, K+] = 2K0. (5.30)
The kinetic energy (4.1) on the fuzzy disk may be written as
E1[φˆ] =
λ2
R2
Tr(−2[K+, φˆ][φˆ, K−] + [K0, φˆ][φˆ, K0]) (5.31)
and is minimized among rank one projection operators by those which project onto a
coherent state
|v〉 = ev¯K+ |k, 0〉 (5.32)
built on a highest weight state.
One can check the repulsive force between two solitons by comparing the energy of a
single soliton at the origin given by the projection operator P1 = |k, 0〉〈k, 0| with the energy
of two solitons sitting on top of each other at the origin, P2 = |k, 0〉〈k, 0|+ |k, 1〉〈k, 1|. It
is easily verified that E(P2) > 2E(P1), so P2 can lower its energy by splitting apart and
having the two solitons move far away from each other.
5.4. Symmetric Bounded Domains
According to the Cartan classification [18] there are four types of complex bounded
symmetric domains M Ip,q,M
II
p ,M
III
p and M
IV
n , and two exceptional domains. The ele-
ments of domains are complex matrices Z which satisfy the condition
ZZ† < I, (5.33)
where Z is a complex p× q matrix for M Ip,q, symmetric p× p for M IIp and anti-symmetric
p×pmatrix forM IIIp . Here Z† is Hermitian conjugate and I is the identity. The fourth one
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M IVn is given by n-dimensional vectors. Here we will consider domains of the first three
types. They are M Ip,q =
SU(p,q)
S(U(p)×U(q)) , M
II
p =
Sp(p)
U(p) and M
III
p =
SO∗(2p)
U(p) . In particular
M I1,1 = M
II
1 = S
2 and M I1,q is the complex projective space IP
q.
The Ka¨hler potential for the first three types is
K(Z, Z†) = log det(I − ZZ†)−ν (5.34)
where ν = p+ q, p+ 1, p− 1 for M Ip,q,M IIp ,M IIIp respectively.
We can apply the general formalism developed in sections 3 and 4 to construct solitons
in these spaces. The soliton at a position v, v¯ will be given by (4.6), where the Ka¨hler
potential is given by (5.34). Just like for the case of a sphere the solitons on a positively
curved coset will attract and those on a negatively coset will repel each other.10
This can be checked from the group theory point of view using fuzzy cosets G/H.
As we discussed with SU(1, 1) above, the only issue is to determine which representations
of G are obtained in the fuzzy coset defined by Berezin’s quantization. The results are
well-known [24]; for example for fuzzy IP2 one uses SU(3) representations of type (m, 0).
6. Torus
The torus is qualitatively different from the examples we have discussed so far, because
eh¯(z, z¯) 6= 1, so many of the formulas remain complicated. One manifestation of this is
that the U(1) × U(1) isometry of the torus will be ‘spontaneously’ broken down to a
ZZN ×ZZN subgroup generated by discrete translations by 1/N times a lattice vector. This
symmetry breaking is a consequence of having a finite-dimensional Hilbert space.11 The
‘fuzzy’ torus studied here is therfore qualitatively quite different from the ‘noncommutative’
torus where the Hilbert space is still infinite dimensional. Noncommutative solitons on the
noncommutative torus have been studied in [12,16].
10 We can also imagine taking direct products of coset spaces. Then the Hilbert space will be
a tensor product of two separate Hilbert spaces, and multi-solitons in different components will
not talk to each other.
11 Essentially, the problem is that translational symmetry generators [px, py ] = i cannot exist
in a finite-dimensional Hilbert space. See [31] for a good discussion of this problem in the context
of Landau levels on a torus.
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6.1. Holomorphic Sections and Fuzzy Torus
For simplicity let us consider a rectangular torus given by the quotient T ∼= C/Γ,
where Γ = L(ZZ + τZZ) is a lattice on the plane and τ = iτ2 with τ2 > 0. The constant
L sets the size of the torus (in units of h¯). In holomorphic gauge [31] for the magnetic
potential, the appropriate Ka¨hler potential is
K(z, z¯) = −1
4
(z − z¯)2 = y2. (6.1)
We use the convention z = x+ iy. The quantization condition then reads
dimH = N = τ2L
2
2π
. (6.2)
In other words, the area of the torus is τ2L
2 = 2πN , in agreement with the Bohr-
Sommerfeld quantization rule. We choose the inner product on sections to be
〈f |g〉 = 1
N
∫ L
0
dx
∫ τ2L
0
dy f(z)g(z) e−y
2
. (6.3)
This differs by an overall constant from the conventions of section 2, but we will instead
use the conventions of [27] in what follows. A basis of orthonormal sections is given by
fa(z) =
(2Nτ2)
1/4
√
2π
ϑ[a/N,0](zN/L, τN), a = 0, . . . , N−1, (6.4)
where ϑ[a,b](z, τ) is a Jacobi theta function defined by
ϑ[a,b](z, τ) =
∑
n∈ZZ
eπi(n+a)
2τ+2πi(n+a)(z+b). (6.5)
We will use |a〉, a = 0, . . . , N−1 to denote the normalized basis vectors corresponding to
the holomorphic sections fa.
Now consider the familiar SL(2,ZZ) generators on the torus with τ = iτ2,
(Sf)(z) = f(z + L), (Tf)(z) = eπiτ/N
2+2πiz/Lf(z + τL/N). (6.6)
These satisfy the commutation relations
ST = e2πi/NTS. (6.7)
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One can easily check that the action of S and T in the basis |a〉 is given by [32]
S|a〉 = e2πia/N |a〉, T |a〉 = |a+ 1〉. (6.8)
The reader may recognize (6.8) as the fundamental algebraic relation on the fuzzy
torus, which is defined as being the algebra generated by the matrices
U =


1
ω
. . .
ωN−1

 , V =


1
1
. . .
1

 , (6.9)
where ω = e2πi/N , which satisfy
V U = e2πi/NUV. (6.10)
The geometric quantization of the torus presented here is therefore precisely the fuzzy
torus, and by comparing (6.9) to (6.8) we immediately see that
S ↔ U, T ↔ V T (6.11)
give the relation between the familiar clock and shift matrices U and V and the SL(2,ZZ)
generators acting on sections on the torus. One can easily check that operator multiplica-
tion on the fuzzy torus in the basis we are using maps to the star product (2.12).
It is then an easy matter to write down noncommutative solitons on the torus. Let
us start with a single soliton corresponding to a projection operator onto a coherent state.
The Bergman kernel is
B(z, z¯) =
√
2Nτ2
2π
N−1∑
a=0
∣∣ϑ[a/N,0](zN/L, τN)∣∣2 . (6.12)
The projection operator φˆ = |v〉〈v|〈v|v〉 has symbol
φv,v¯(z, z¯) =
B(z, v¯)B(v, z¯)
B(z, z¯)B(v, v¯)
(6.13)
This function represents a single soliton localized near (v, v¯). One can check directly that
the functional form of (6.13) is invariant only under discrete ZZN × ZZN translations which
shift the soliton by 1/N times a lattice vector. Figures 2 and 3 illustrate the lack of
translational symmetry graphically. We will discover in the next subsection that localized
solitons of the form (6.13) do not minimize the kinetic term and are therefore unstable at
first order in 1/(m2h¯).
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6.2. Stable Solitons
Because the translational symmetry is broken as discussed above, even defining the
kinetic term (4.1) on the quantum torus is tricky. The main problem is that (4.1) as
written is not well-defined, since △φ is not the symbol of any bounded operator even when
φ is, so that φ ⋆△φ is undefined. Another way to say this is that △φ does not admit an
analytic continuation to all of M×M. As discussed at the end of section 2, this implies
that the formula (2.12) holds only in the sense of deformation quantization, where h¯ is
treated as a formal expansion parameter.
One might think that since we have shown how to recast the geometric quantization
of the torus into a simple algebra of N ×N matrices, it would be easy to overcome these
difficulties. However, they persist even on the fuzzy torus, since one would like to define
the kinetic term as on the plane by (5.9), but the matrices a and a† cannot exist in a finite
dimensional algebra. A candidate kinetic term for the fuzzy torus has been presented in
[8,33]. In our notation, it reads
E1[φˆ] =
λ2
2
Tr
[
(UφˆU † − φˆ)2 + (V φˆV † − φˆ)2
]
. (6.14)
This kinetic term preserves the expected ZZN × ZZN subgroup of translational invariance,
E1[TabφˆT
−1
ab ] = E1[φˆ], Tab ≡ UaV b. (6.15)
Note that (up to a phase), Tab implements a discrete translation by (a/N, b/N).
It turns out that the energy (6.14) is minimized only by those projection operators
which either commute with U or with V—that is, the image of the projection operator
must either be an eigenstate of U or an eigenstate of V . The moduli space of minima of
(6.13) therefore consists of 2N discrete points. In position space these correspond to a
strip which is localized around a 1/N lattice point in the x (or y) direction and extended
along the y (resp. x) direction. It would be interesting to investigate the moduli space of
multi-solitons in more detail using our general approach.
7. Discussion
In this paper we constructed scalar noncommutative multi-solitons on an arbitrary
Ka¨hler manifold by using Berezin’s geometric approach to quantization of Ka¨hler mani-
folds and its generalization to deformation quantization. For homogeneous manifolds we
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analyzed stability conditions for these solitons and showed that stable solitons are given
in terms of generalized coherent states.
We found that on homogeneous manifolds of positive curvature, coherent state soli-
tons tend to attract, while they repel each other on homogeneous manifolds of negative
curvature. This is to be contrasted with the case of the plane, where the leading correction
(4.1) to the energy of the solitons allows for a nontrivial moduli space. It is tempting to
conjecture a general relation between curvature and the force between solitons on general
manifolds. However, another important ingredient in the story is whether the Hilbert space
is finite or infinite dimensional.
Indeed, it is easy to see quite generally that projection operators whose image is
spanned by generalized coherent states at separated points cannot minimize the kinetic
term (4.1) on a compact manifold. This is because if φˆ minimizes the kinetic term in the
space of rank k projectors (Gr(k,N)), then 1−φˆ minimizes the kinetic term in the space of
rank N−k projectors (which again is isomorphic to Gr(k,N)) and so it too must project
onto coherent states. Clearly φˆ and 1−φˆ should be orthogonal, but generalized coherent
states are not orthogonal (in general).
It would therefore be interesting to investigate the behavior of noncommutative soli-
tons on higher genus Riemann surfaces Mg, which admit negative curvature metrics but
are compact and therefore have a finite dimensional space of holomorphic sections. All
such manifolds may be obtained as quotients of the hyperbolic plane by some discrete
group. The quantization of these manifolds has been discussed in [34], where a basis of
holomorphic sections was presented.
In [12] it was shown that the moduli space of noncommutative solitons on Cd is the
Hilbert scheme of k points in Cd. This means that the moduli space of solitons has a very
interesting structure when separated solitons are brought together—for k > 3 and d > 2
the moduli space is not even a manifold! It would be interesting to see if there is a similarly
rich structure when generalized coherent states of the type used in this paper come together
and to explore the relation to Hilbert schemes [35], especially if there turns out to be a
nontrivial moduli space for noncommutative solitons on any noncompact Ricci-flat surface.
There are many other directions for possible future investigation. In would be inter-
esting to generalize these solitons to gauge theory and to explore their relation to D-branes
on Ka¨hler manifolds. D-branes on group manifolds have been constructed in WZW mod-
els (see [36] for review), and it would be interesting to explore the exact connection to
those constructions. Also it would be interesting to compare the energy of solitons to the
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D-brane tensions and to derive the properties of multi-solitons (attraction or repulsion)
that we obtained in section 5 from the D-brane point of view.
Finally, noncommutative solitons have a very natural interpretation in the K-theory
of C∗–algebras [37,38] and it would be interesting to understand the K-theoretic interpre-
tation of the solitons we constructed.
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Appendix A. Properties of the ⋆ Product
Here we will summarize the properties of the ⋆ product, defined by (2.12). Plugging
the operator Oˆ = 1 into (2.11) gives
f(z) = c(h¯)
∫
f(v)eh¯(z, v¯)e
1
h¯
K(z,v¯)− 1
h¯
K(v,v¯)dµ(v, v¯) = 〈z|f〉; (A.1)
from (2.12) since 1 ⋆ 1 = 1 we have finally
∫
eh¯(z, v¯)eh¯(v, z¯)
eh¯(z, z¯)
e
1
h¯
Φ(z,z¯|v,v¯)dµ(v, v¯) = c−1(h¯), (A.2)
and from 1 ⋆ O = O ⋆ 1 = O
O(z, z¯) = c(h¯)
∫
eh¯(z, v¯)eh¯(v, z¯)
eh¯(z, z¯)
O(z, v¯)e
1
h¯
Φ(z,z¯|v,v¯)dµ(v, v¯)
= c(h¯)
∫
O(v, z¯)
eh¯(z, v¯)eh¯(v, z¯)
eh¯(z, z¯)
e
1
h¯
Φ(z,z¯|v,v¯)dµ(v, v¯).
(A.3)
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Appendix B. Figures
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Fig. 1: Two scalar solitons sitting at generic positions on a sphere of radius
R =
√
29/2 (in units of h¯), which corresponds by (5.15) to a Hilbert space of
dimension N = 30. As discussed in subsection 5.2, these solitons experience
an attractive force.
-7.5
-5
-2.5
0
2.5-7.5
-5
-2.5
0
2.5
0
0.25
0.5
0.75
1
Fig. 2: Four periodic copies of a single soliton on the square torus with
N = 4 (thus L =
√
8π in units of h¯), given by (6.13) with v = 0.
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Fig. 3: Same as in figure 2, but with v = (1 + i)L/2. The lack of
translational symmetry is manifest.
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